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Introduction 
 
When explaining to a lay audience the magnitude of 
forces or accelerations imparted to vehicles or 
experienced by vehicle occupants during a motor 
vehicle collision, it is often helpful to recast the critical 
results in terms of other physical systems or impact 
configurations which will reproduce the equivalent 
dynamics of the subject accident to serve as a 
conceptual aid for the audience. In this article, we 
present the basis for such equivalents and explicitly 
demonstrate, using two physics simulation software 
packages, that such equivalents are based on nothing 
more than the application of the laws of physics. 
 
Basic Collision Dynamics 
 
In a well-known result of collision dynamics, the 
maximum inelastic energy available during impact is 
directly proportional to the impact closing-speed rather 
than the velocities as measured with respect to any 
particular reference frame [1, 2, 3]. For a simple 1-D 
collision, the maximum inelastic energy is expressed 
by:  
 
                          𝑬𝑴𝒂𝒙 =
𝟏
𝟐
∙ ?̅?(𝒗𝑹𝒆𝒍,𝒊)
𝟐
    
 
where ?̅? is the system reduced mass and 𝒗𝑹𝒆𝒍,𝒊 relative 
velocity, or closing-speed, at the moment of impact.  
 
In addition to the relative-velocity at impact, the 
particular time-dependent forces exchanged by two 
colliding objects are dependent upon the specific 
geometrical properties of the impact, such as the 
location of contact and the moments of inertia, as well 
as the responses of the surfaces of contact to deflection 
and even deflection rate. As a consequence of the 
Galilean Invariance of Newton’s laws, for free objects 
undergoing collision, the contact force can only depend 
upon the relative impact velocity (the closing-speed) 
rather than the velocities measured with respect to any 
one reference frame (such as the Earth-fixed frame) [4]. 
This implies, when one considers an ensemble of 
possible impact scenarios between two vehicles, 
neglecting tire forces, each vehicle is guaranteed to 
experience the same unique acceleration independent of 
the ground speeds of the vehicles so long as the impact 
configurations remain the same and the impact closing-
speeds are the same. This relation is true for any two 
bodies undergoing impact, whether they are two 
colliding vehicles or the subsequent impact of an 
occupant whose body collides with his seat. 
 
A Simple EDSMAC4 Simulation 
 
In order to support the above stated consequence of 
Newtonian physics, we staged three front-to-rear 
impacts using the EDSMAC4 [5] simulator in the HVE 
software package from Engineering Dynamics 
Corporation [6]. Let us consider the subject accident a 
rear-end collision between a Lincoln Navigator and an 
Acura TL. Suppose the Lincoln Navigator impacts the 
rear of the Acura with a speed of 5 mph, while the Acura 
was initially at rest. During this impact of course, the 
Acura will undergo a forward acceleration, while the 
Navigator will undergo a deceleration. Suppose in an 
effort to explain to a lay audience the magnitude of the 
acceleration imparted to the Acura, we wanted to recast 
the acceleration estimated in this first scenario (the 
subject accident) in terms of equivalent ways of 
reproducing the impact forces on the Acura. From the 
prior section, we know we can reproduce the identical 
impact forces so long as the impact configuration and 
closing-speed remain the same. Since the closing-speed 
is simply the difference of the impact velocities of the 
two vehicles, there are an infinite number of ways to 
collide the two vehicles such that the closing-speed 
remains exactly equal to 5 mph. To illustrate our point, 
we focus on two other impact scenarios. In our second 
simulated scenario, we allow the Lincoln Navigator to 
move forward at 2.5 mph while the Acura moves 
backward at 2.5 mph. This again results in a closing-
speed equal to 5 mph. In our third scenario, we hold the 
Lincoln at rest while letting the Acura move backward 
at 5 mph into the Lincoln. Figure 1 shows the velocity 
versus time for all three scenarios. As expected, the 
velocity change is identical in all three cases, as 
momentum conservation tells us that the change-in-
velocity is dependent upon the relative impact speed 
(closing-speed). We also note the slopes of the three 
lines are nearly identical. This is an indication that the 
impact forces are equivalent in the three scenarios.   
 
Figure 2 shows the resulting acceleration pulses as a 
function of time on the Acura for all three scenarios. We 
can see from this graph the acceleration pulses are 
nearly identical in all three cases as expected from 
Newton’s laws. If we wanted to explain to a lay person 
how one can reproduce the vehicle impact forces 
involved in the subject accident, we can confidently 
point to scenario 3 for example, whereby we have our 
audience imagine the Acura rolling backward into the 
Lincoln at 5 mph. As demonstrated by the simulation, 
this is guaranteed to give the same vehicle impact forces. 
Anyone who has never been rear-ended, but has had the 
misfortune of backing into another vehicle, may then be 
able to fully appreciate the level of forces involved in 
the subject accident. 
 
Consequences of the Work-Energy Theorem 
 
Another useful way to convey the magnitude of impact 
speeds to a lay audience is to recast these estimates into 
equivalent ways of reproducing them by using unrelated 
mechanical systems such as swings (pendulums) and 
slides (inclined planes). This is particularly true of low-
speed collisions, as one generally has a better feel for 
higher vehicle speeds than lower vehicle speeds. For 
example, to say a vehicle impact occurred with a 
closing-speed of 3 mph may give a different impression 
to a lay person compared to saying it occurred at the 
average human walking speed. For demonstrative 
purposes, setting such magnitudes into new and creative 
contexts by using equivalent mechanical systems can be 
quite a powerful pedagogical tool. 
 
The work-energy theorem tells us a conservative force 
field (such as gravity) will accelerate an object (such as 
a vehicle) in a way that is independent of the particular 
path taken (sled versus pendulum) and only dependent 
upon the distance traveled along the direction of the 
field itself [7]. Formally, this is given by the expression: 
 
                           ∫ ?̅? ∙ 𝒅?̅? = 𝑼𝟏 − 𝑼𝟐
𝟐
𝟏
 
                                             = 𝒎𝒈𝑯𝟏 − 𝒎𝒈𝑯𝟐 
                                             =
𝟏
𝟐
𝒎(𝒗𝟐
𝟐 − 𝒗𝟏
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or rewritten in its usual form, we have:  
 
                           𝟐𝒈(𝑯𝟏 − 𝑯𝟐) =   𝒗𝟐
𝟐 − 𝒗𝟏
𝟐 
 
where g is the acceleration due to Earth’s gravity, m is 
the mass of the object, U1 represents initial gravitational 
potential energy (mgH1), and U2 represent the final 
gravitational potential energy (mgH2) for an object 
being displaced from point 1 to point 2. This change in 
potential energy must be equal in magnitude to the 
change in kinetic energy. This implies that an object 
sliding down a frictionless plane will have the same 
final velocity at the end of its path as an object swinging 
from a rope that reaches the bottom of its arc, so long as 
in the two cases both objects undergo the same change 
in height from start to finish. This means, if we estimate 
the speed of object A prior to impacting object B (say 
two cars), we can illustrate a way of reproducing the 
impact speed of object A by imagining object A first 
sliding down a frictionless inclined plane by the 
appropriate height to yield the correct pre-impact speed. 
We can also imagine object A swinging as a pendulum 
until it reaches the bottom of its arc, where impact 
occurs just at that moment (see Appendix). Again 
assuming the total vertical distance traveled is the same 
as that in the inclined plane example, the final pre-
impact speed is guaranteed to be identical by the work-
energy theorem.   
 
As a consequence of conservative nature of Earth’s 
gravitational field, the automobile industry has a long 
history, going back many decades, of using sled and 
pendulum test devices within various laboratories 
around the world. Indeed, even a casual search in the 
Society of Automotive Engineers journal reveals 
literally thousands of articles in which the words “sled” 
and “pendulum” appear [8]. One can also find many 
biomechanics studies conducted where volunteers or 
cadavers have been gravitationally accelerated down 
inclined planes in order to reach the needed impact 
closing-speeds for various tests [see for example 9, 10, 
11].  
 
Pendulum impact devices are used to test the strength 
of vehicle components such as bumper systems, crash 
dummy response, and even the strength of human 
tissues [see for example 12, 13, 14]. The reason these 
sled and pendulum devices are routinely used is given 
by the work-energy theorem itself. Independent of the 
particular path taken, Earth’s gravitational field will 
always accelerate these objects such that their velocities 
are only dependent upon the total vertical distance 
traveled. This means, in a laboratory setting, one can 
precisely control the required impact speeds simply by 
adjusting the starting height of the test apparatus. Also, 
because sleds and pendulums do not require complex 
rigs or motors to accelerate the test devices, a test 
apparatus can be easily contained within the confines of 
a small laboratory space.  
 
An Explicit Demonstration of the Work-Energy 
Theorem using Physics Simulators  
 
The consequences of the work-energy theorem can be 
derived in a few lines of algebra. As a way of explicitly 
demonstrating the result, we conducted a series of sled 
simulations using the SIMON simulator in HVE [15] as 
well as the Articulated Total Body (ATB) simulator 
[16]. As a first test of the work-energy theorem, we 
simulated an Acura TL sliding backward down a 
frictionless inclined plane with a 5 degree slope. The 
Acura’s suspension and tires were effectively made 
rigid within HVE in order to approximate ideal sled test 
conditions. Figure 3 shows the starting configuration of 
the sled test. Here we let the Acura slide down the sled 
such that the vertical distance traveled was 13.75 ft.  
 
Figure 4 shows the resulting velocity of the Acura as a 
function of vertical distance traveled down the inclined 
plane. Using the Acura’s center-of-gravity position as a 
function of time output by HVE, we were able to 
estimate the expected velocity by simply applying the 
work-energy theorem, where the velocity equals  
√2𝑔∆𝐻. Here, ∆𝐻 is the magnitude of the change-in-
height of the vehicle’s center-of-gravity. The resulting 
ideal sled estimate, based on work-energy, yields a 
nearly identical result to the HVE physics simulation. 
Indeed we note the differences are at the level of 1% or 
less. 
 
The Articulated Total Body package is a general 
purpose 3-D physics simulator that can be used to 
simulate a wide range of physical systems, including 
vehicle collisions and occupant dynamics. Within ATB, 
we constructed a simple sled device to slide down a 10 
degree frictionless plane such that the total vertical 
height changes by the same magnitude (13.75 ft) as in 
our HVE simulation. Figure 5 shows the ATB sled and 
frictionless plane. The resulting sled velocity versus the 
magnitude of the vertical change-in-height is shown in 
Figure 6. The center-of-gravity positions of the sled 
object as reported by ATB were used to estimate the 
expected velocity again by using the work-energy 
theorem. As with the HVE simulation, we see excellent 
agreement between the ATB simulator and the work-
energy theorem to better than 0.5%. This again 
demonstrates the validity of the work-energy theorem 
as is expected, since it is simply a consequence of 
Newton’s laws. 
 
As a final demonstration of the work-energy theorem, 
we sampled the total final velocities (the velocity after 
reaching the flat surface) as a function of total centers-
of-gravity changes-in-height for nine starting points on 
the inclined plane within the HVE simulator. The result 
is shown in Figure 7. We again compare the result from 
the HVE simulation to our expectation by applying the 
work-energy theorem. The results are in agreement to 
within 1%. 
 
Equivalent ways to Reproduce Occupant Forces 
using Equivalent Barrier Speed Impacts 
 
So far we have demonstrated the pedagogically useful 
ideas that (1) impact forces are dependent upon the 
impact closing-speeds and (2) vehicle-to-vehicle impact 
closing-speeds can be reproduced in laboratory 
conditions by taking advantage of the work-energy 
theorem and allowing one vehicle to gravitationally 
accelerate in a controlled way using inclined planes or 
pendulums such that the desired closing-speed is 
achieved.  
 
Finally, we would like to demonstrate the equivalence 
between delivered occupant forces for two dissimilar 
collision systems. The first system (scenario 1) can 
again typically be thought of as the subject accident in 
which a Lincoln Aviator SUV impacts an Acura TL. 
Our second system (scenario 2) consists of an Acura TL 
sliding backward down a frictionless inclined plane 
such that it is allowed to impact an immovable rigid 
barrier. In this second scenario, the Acura achieves the 
barrier equivalent speed, or VEBS, necessary to yield the 
identical delta-V as in the subject accident. The total 
changes-in-height needed to yield the appropriate VEBS 
speeds are depicted in Figure 7, and again show 
excellent agreement with our expectations from 
application of the work-energy theorem.    
 
We used the HVE package with the DyMESH 3-D 
collision simulator [17] to estimate the acceleration 
pulses delivered to the Acura TL for both scenarios. As 
expected from basic collision physics, the two 
acceleration pulses exhibit differences in shape as these 
pulses are directly dependent upon the given system’s 
reduced mass and effective stiffness; however, as 
shown below, both scenarios yield effectively the same 
occupant forces. We simulated these two scenarios such 
that a total change-in-velocity of the Acura of 
magnitudes 4, 5, and 6 mph was achieved in each case. 
Figure 8 shows the Acura VEBS values versus delta-V 
using the DyMESH simulator. An iterative process was 
used to adjust the Acura’s VEBS value by varying the 
starting position along the frictionless plane, such that 
the desired delta-Vs were achieved. A fit to the data 
points reveals that the effective average restitution used 
by the DyMESH collision model in this closing-speed 
regime is of the order 22%. 
 
In order to maximize the impact forces delivered to the 
Acura occupant, one can assume the Acura was fully 
accelerated such that it achieved its full delta-V prior to 
the occupant’s body contacting the backrest. Taking the 
resulting acceleration pulses from HVE in each of the 
three test cases, we simulated the occupant motion 
assuming a 205 lb driver sitting in a frictionless chair 
(also maximizing contact forces) with an effective 
stiffness of 100 lbs/in. We separated the occupant from 
the backrest prior to impact such that first contact is 
made by the upper torso after the vehicle has already 
reached its full delta-V. This guarantees that the 
occupant contact forces, and therefore the impact 
severity to the occupant, will be maximized. The 
resulting upper torso velocities measured with respect 
to the vehicle are shown in Figures 9, 10, and 11 for the 
4, 5, and 6 mph Acura delta-V tests respectively. We 
observe similar features in each test. That is, in each test, 
the vehicle-to-vehicle impact scenario yields the same 
Acura delta-V as the VEBS vehicle-to-barrier scenario. 
We note the different overall shapes of the vehicle 
velocity curves in both scenarios as is expected with 
differing acceleration pulse shapes; however, the torso 
velocity curves show very similar shapes. In particular, 
as the torso is accelerated from its maximum negative 
velocity (with respect to the vehicle) to common 
velocity (0 mph with respect to the vehicle), the overall 
shapes of the two curves are nearly identical, indicating 
that the forces on the occupant in either scenario are 
effectively the same to a good approximation. This is 
merely the same physics principle at work governing 
the behavior of colliding objects. The dynamics of 
colliding objects, holding all else the same, will only 
depend on the impact closing-speed. 
 
Figure 12 shows the resulting average acceleration to 
the upper torso of the ATB-simulated occupant as a 
function of the vehicle delta-V for the two different 
scenarios over the ensemble of three tests [18]. The 
graph demonstrates that the average acceleration differs 
by less than a few percent for the two scenarios, 
independent of the Acura’s total delta-V. Indeed, any 
discrepancies between the two scenarios likely have 
only to do with the exact starting time of the 
acceleration pulses simulated in ATB, as a minor 
difference in this starting time can allow the ATB-
simulated occupant to relax into a slightly different 
posture at the moment the upper torso makes first 
contact with the backrest. Nevertheless, the principle of 
equivalents using the work-energy theorem and VEBS is 
clearly demonstrated.  
 
Conclusion 
 
We have demonstrated how one may make use of 
hypothetical sled and pendulum experimental devices to 
illustrate methods by which one can reproduce desired 
vehicle speeds through the simple application of the 
work-energy theorem. We have also demonstrated that 
the impact forces are determined by the relative impact 
speeds of two colliding bodies, and that, keeping all 
other conditions equal, an ensemble of collision 
scenarios will yield identical impact forces so long as 
the relative impact speeds are kept constant. Using both 
the equivalent scenarios to reproduce particular vehicle 
velocities guaranteed by the work-energy theorem and 
the equivalent collision scenarios, which yield identical 
occupant-cabin impact closing speeds, we have 
demonstrated that one can effectively reproduce forces 
experienced by the vehicle occupant in a rear-end 
impact by carefully selecting the appropriate closing-
speeds for a barrier impact. 
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Appendix 
 
The Pendulum Equivalent   
 
Pendulum impact devices have been created and used 
by various laboratories for automobile and 
biomechanical testing. Though such devices can be 
difficult to simulate in packages such as ATB, the 
authors have created a simple C++ based pendulum 
model where Newton’s laws are numerically integrated 
over time, and the corresponding pendulum motion path 
can be output. We know from the work-energy theorem 
that the final velocity of an object swinging or sliding 
down a trajectory is independent of the particular path 
followed by the object undergoing gravitational 
acceleration, but rather depends on the vertical distance 
traversed. This implies that so long as an object, such as 
a vehicle, is made to swing through the correct vertical 
distance, it can be made to have the correct final 
velocity so as to result in the required pre-impact speed 
for the given experiment.  
 
Figure 13 shows a basic proof of principle of the C++ 
based pendulum simulator. This simulator is run in the 
ROOT data analysis package [19]. In the graph, we see 
the resulting angular position of a pendulum for 
massless rod length of 1 ft. The pendulum is pulled back 
and raised to a height of 0.4 in and released. It reaches 
a maximum velocity of 1 mph at the bottom of its arc. 
From basic classical mechanics, using the small angle 
approximation, we expect the angular frequency 𝜔 =
√𝑔/𝑙, where the time-dependent angular displacement 
is well approximated by the solution to the second-order 
differential equation [7]: 
 
                                   ?̈? + 𝝎𝟐𝜽 = 𝟎 
 
Fitting to sinusoidal form of the pendulum’s angular 
displacement, we can obtain an estimate for Earth’s 
gravitational constant g using the output data from the 
ROOT-based model. The fit parameter corresponding 
to  was less than 1% different from g at sea level in 
this case. 
 
Figure 14 shows the result of pendulum simulation, 
where the mass traverses a 13 ft vertical distance [20]. 
Shown in red is an estimate of the velocity based on the 
work-energy theorem, where the mass’s vertical 
position is sampled as a function of time. Here we have 
better than 0.1% agreement between the C++ 
simulation and the expected final velocity estimated by 
work-energy. The simulated pendulum motion can 
easily be sampled from our C++ based script and 
imported into a 3-D visualization tool such as ARAS 
360 [21]. The rendered output is shown in Figure 15. 
These figures are captured from an animation sequence 
depicting a hypothetical pendulum apparatus, where the 
vehicle is made to swing through a vertical distance of 
13 ft. We imagine the vehicle is allowed to impact a 
rigid barrier at the bottom of its arc. Imagining an 
occupant seated within this vehicle, we expect this 
scenario to faithfully reproduce the equivalent occupant 
forces as would be experienced in a rear-end impact, 
where the vehicle’s delta-V is the same in both 
scenarios. Both the validity of using the work-energy 
theorem to obtain the appropriate equivalent swing 
height and the validity of equivalent occupant forces 
being derived by barrier impact are assumed in this 
illustration. 
 
 
 
 
 
  
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
Figure 1: Velocity versus time for the three impact scenarios depicted in graphic. 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
Figure 2: Acceleration versus time for the three scenarios depicted in graphic. 
   
Figure 3: Starting conditions for sled test. Acura is placed 13.75 ft 
above the flat surface and allowed to slide backward along a 
frictionless inclined plane. 
Figure 4: Sled velocity as a function of change-in-height.  The black curve shows 
the HVE-simulated velocity. Red shows the estimate based on work-energy. 
 
 
  
Figure 5: Starting configuration of an ATB-simulated sled. 
Figure 6: Velocity versus change-in-height for an ATB-simulated sled travels a 
total vertical distance of 13.75 ft. 
 
 
 
Figure 7: Final velocities versus total changes-in-height for an ensemble of nine sled 
tests conducted with the HVE simulator.  
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Figure 8: Black: Equivalent barrier speeds for Acura needed to reproduce desired delta-
Vs. Red: The slope from a simple linear regression to the data points gives an estimate 
of the average restitution used by the DyMESH collision model, where we have 𝜺 ≈ 22%. 
 
 
Figure 9: Vehicle and Occupant-Torso Velocities versus time from the start of impact. 
The vehicle-to-vehicle and vehicle-to-barrier simulations were generated such that the 
Acura experienced a change-in-velocity of 4 mph. 
Figure 10: Vehicle and Occupant-Torso Velocities versus time from the start of impact. 
The vehicle-to-vehicle and vehicle-to-barrier simulations were generated such that the 
Acura experienced a change-in-velocity of 5 mph. 
  
Figure 11: Vehicle and Occupant-Torso Velocities versus time from the start of impact. 
The vehicle-to-vehicle and vehicle-to-barrier simulations were generated such that the 
Acura experienced a change-in-velocity of 6 mph. 
  
Figure 12: Average torso acceleration versus vehicle change-in-velocity for 4, 5, and 6 
mph delta-V simulations. Black shows the results for vehicle-to-vehicle rear-impact 
collision simulations. Red shows the results from the equivalent barrier speed 
scenarios.  
  
Figure 13: Black: ROOT-based simulation output of ideal pendulum swing angle versus 
time.  Red: Sinusoidal functional fit to simulation output.  
Figure 14: Black: Output from a ROOT-based simulation of a vehicle undergoing 
pendulum motion starting from a 13 ft elevation in center-of-gravity height. Red: Work-
energy based estimated velocity of the vehicle as it swings shown as a function of center-
of-gravity change-in-height.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(a) 
(b) 
(c) 
Figure 15: Screenshots from a pendulum impact animation. (a) Depicts the ideal 
structure of the bifilar pendulum apparatus, which consists of a simple hoist and a 
vehicle mounted and secured by cables to swing. The vehicle is made to impact a solid 
rigid barrier as it reaches the bottom of its arc. (b) Depicts the test vehicle being pulled 
up such that its center-of-gravity is displaced vertically by a distance of 13 ft. (c) Depicts 
the vehicle as it impacts a rigid barrier below with a velocity of 19.2 mph.  
